We study deformation of N = 2 and N = 4 super Yang-Mills theories, which are obtained as the low-energy effective theories on the (fractional) D3-branes in the presence of constant Ramond-Ramond 3-form background. We calculate the Lagrangian at the second order in the deformation parameter from open string disk amplitudes. In N = 4 case we find that all supersymmetries are broken for generic deformation parameter but part of supersymmetries are unbroken for special case. We also find that classical vacua admit fuzzy sphere configuration. In N = 2 case we determine the deformed supersymmetries. We rewrite the deformed Lagrangians in terms of N = 1 superspace, where the deformation is interpreted as that of coupling constants.
interesting for studying (non-)perturbative properties of supersymmetric gauge theories and superstrings. For example, the constant graviphoton background, which comes from the self-dual R-R 5-form field strenth wrapping three cycle in a Calabi-Yau manifold, produces stringy corrections to the F-terms in effective theories [1, 2] . Such corrections play an important role in studying non-perturbative properties of supersymmetric gauge theories [3, 4] . Closed string background is also interesting from the geometrical point of view because it deforms the world-volume geometry of D-branes. A well-known example is the constant NS-NS B-field, which leads to the noncommutative space-time realized by the Moyal product [5, 6] . The R-R background also deforms the world-volume geometry. In fact, the constant self-dual R-R 5-form background on the fractional D3-branes introduces non(anti)commutativity of (Euclidean) superspace [7, 8, 9] . The deformed supersymmetric gauge theories on non(anti)commutative superspace are studied extensively [10, 11, 12, 13, 14] .
Since superstring theory contains R-R fields, it would be interesting to study deformed supersymmetric gauge theories in R-R backgrounds with various ranks and their (non-)perturbative properties. Recently Billó et al [15] studied the effective action on the fractional D3-D(−1) system in the R-R 3-form background F with fixed (2πα ′ ) 1/2 F in the zero slope limit. They showed that the deformed action agrees with the instanton effective action of N = 2 supersymmetric gauge theory in the Ω-background [3] at the lowest order of the deformation parameter and gauge coupling constant. The Ω-background utilize the integral over the instanton moduli space [3, 16] . This type of deformation is not obtained from the non(anti)commutative deformation of superspace. It is an interesting problem to study geometrical meaning of this deformation.
In order to examine the effects of R-R background, the most direct approach is to calculate the low-energy effective action on the D-branes from superstring theory. One can compute the action of non(anti)commutative gauge theories directly from the effective action on the (fractional) D3-branes [17, 15, 18, 19] , where interaction terms are obtained from the open string disk amplitudes with insertion of graviphoton vertex operators. For example, the deformed action of N = 1 supersymmetric gauge theories was derived from the fractional D3-branes in type IIB superstring theories compactified on C 3 /Z 2 ×Z 2 [17] .
The effective theory is N = 1 super Yang-Mills theory on non(anti)commutative N = 1 superspace [10] .
In [18, 19] we discussed the deformation of N = 2 and N = 4 super Yang-Mills theories in the R-R background field strength of the form F αβAB , where α and β label the spinor indices of (Euclidean) space-time and A and B are internal spinor indices.
We classify the field strength into four types F (αβ)(AB) Here (ab) ([ab] ) denotes the (anti)symmetrization of ab. We call these deformations as (S,S), (A,S), (S,A) and (A,A)-type, respectively, where the (S,S)-type deformation with fixed (2πα ′ ) 3/2 F corresponds to the case studied in [17] . In [18] , we studied the first order correction to N = 2 super Yang-Mills action from the (S,S)-type background with fixed (2πα ′ ) 3/2 F . We showed that deformed theory agrees with N = 2 super Yang-Mills theory on non(anti)commutative N = 2 harmonic superspace [11, 12, 13] . In [19] , we studied the first order correction to N = 4 super Yang-Mills theory in (S,S)-type background with fixed (2πα ′ ) 3/2 F . By restricting the deformation parameter to the special case, the deformed Lagrangian is reduced to the one in non(anti)commutative N = 1 superspace.
Therefore it is natural to think that the (S,S)-type deformation with fixed (2πα ′ ) 3/2 F corresponds to the non(anti)commutative deformation of N (≤ 4) extended superspace at full order in deformation parameter. On the other hand, the index structure of the (A,A) type background suggests that it corresponds to the singlet deformation of extended superspace [12, 20] , although we need to take into account the backreaction to the closed string backgrounds [18] . The (S,A) and (A,S) type deformations with fixed (2πα ′ ) 3/2 F would also provide nontrivial deformation of supersymmetric gauge theories, which cannot be realized as non(anti)commutative superspace. However, it is difficult to compute the deformed actions due to its complicated structure.
As shown in [15] , the (S,A)-type background with fixed (2πα ′ ) 1/2 F provides nontrivial deformation of N = 2 super Yang-Mills theory, which is useful for studying instanton calculus. Hence it would be an interesting problem to work out the deformations by the constant R-R backgrounds with fixed (2πα ′ ) 1/2 F and their non-perturbative properties.
The purpose of this paper is to study the deformation of super Yang-Mills theories with N = 2 and 4 supersymmetries corresponding to the (S,A) and (A,S)-types background with fixed (2πα
We will calculate disk amplitudes with one R-R vertex operator and derive the effective action on the (fractional) D-branes. For N = 4 case, we will show that the bosonic action agrees with the Chern-Simons action with the (dual) R-R potentials [21] . The deformed scalar potential has nontrivial minima. Actually, for both (S,A) and (A,S)-type deformations of N = 4 super Yang-Mills theory, we find a fuzzy sphere configuration [22, 19] for adjoint scalars. In general number of unbroken supersymmetries are restricted on the D-branes in the presence of R-R backgrounds. We will examine invariance of the deformed Lagrangian under remaining supersymmetries. The deformation of N = 2 super
Yang-Mills theory is obtained from N = 4 theory by the reduction due to the Z 2 orbifold of C 2 . For both N = 2 and N = 4 cases, we are able to explore geometrical interpretation of this deformation in terms of superspace formalism. We will show that (S,A) and 2 Deformed N = 4 Super Yang-Mills theory in R-R 3-form background
In this section we study the low-energy effective action on D3-branes in type IIB superstrings from the disk amplitudes with one R-R vertex operator of (S,A) or (A,S)-type.
Here we use NSR formalism and introduce spin fields [23, 24] to represent space-time spinor. The low-energy effective field theory on N D3-branes are described by gauge fields A µ (µ = 1, 2, 3, 4), six real scalars ϕ a (a = 5, . . . , 10) and Weyl fermions Λ α A and
Λα A (A = 1, 2, 3, 4), which belong to the adjoint representation of gauge group U(N) .
We denote T m as the basis of U(N) generators normalized as Tr(T m T n ) = kδ mn with constant factor k.
The vertex operators for these fields are [26] The disk amplitudes in the zero-slope limit α ′ → 0 reproduce the action of N = 4
super Yang-Mills theory. It is convenient to introduce auxiliary field vertex operators in order to reduce higher point amplitudes to the lower ones [25, 26, 18, 19] . These are given by
Note that these vertex operators are not BRST invariant. The total Lagrangian includes only the cubic interaction terms and becomes
Here the four-dimensional Euclidean sigma matrices are
, where τ i (i = 1, 2, 3) are the Pauli matrices. The six-dimensional sigma matrices are given by terms including the gauge fields and scalars, which is given by
We call L
N =4 undeformed Lagrangian.
We then introduce a R-R closed string vertex operator φ(z) . The disk amplitude is now given by
is the open string vertex operator corresponding to a field X k with picture
is a normalization factor and dV CKG is an SL(2, R)-invariant volume factor to fix positions of three coordinates in y i , z j andz j . The sum of picture numbers in a disk amplitude must be −2.
The constant R-R field strength F αβAB is decomposed into the types
which are called (S,S), (A,S), (S,A) and (A,A)-type, respectively.
It is shown in [19] that the (S,S)-type background corresponds to the R-R 5-form and the (A,S) and (S,A)-types to 3-forms and its dual 7-forms, the (A,A)-type to the 1-form and its dual 9-form. In order to discuss the zero-slope limit, we need to specify the scaling condition for F . In the previous paper [19] , we have studied the (S,S)-type deformation with the scaling condition (2πα) 3/2 F fixed, which would correspond to the deformation of underlying N = 4 extended superspace.
In this paper we will consider the (S,A) and (A,S)-type deformations with different [3, 15] . We will consider the effects of the R-R 3-form field strength of (S,A) and (A,S)-types to the low-energy effective Lagrangian in the N = 4 case. , we find that the disk amplitudes which are nonzero in the zero-slope limit are given by
(S,
computations of these amplitudes are essentially the same as in [19] . We do not repeat detailed calculations here. The first two amplitudes become
The interaction terms corresponding to these amplitudes are given by
The third amplitude is
Introducing symmetric factor in (2.13) and adding the terms (2.12), we obtain the interaction term including auxiliary fields. Integrating out the auxiliary fields, we find that
Here we have defined the deformation parameter by
(S,A) arises from the integration over the auxiliary field. It is possible to construct higher order O(C n ) terms from the disk amplitudes. It is not clear that these amplitudes are reducible or not. For example, at order C 2 , there is an amplitude
(S,A) . However, as we will see in section 4, the reduction from N = 4 to N = 2 theory shows that L deformed supersymmetry for some C. This is rather different from non(anti)commutative N = 2 supersymmetric gauge theory, where deformed supersymmetry transformation contains higher order contributions of the deformation parameter [27] . In order to cancel this deformation transformation, it is necessary to introduce infinite number of interaction terms. But for the (S,A)-deformed Lagrangian we do not need to introduce such a higher order counter term. These properties suggest that the deformed Lagrangian L
(S,A) is an exact Lagrangian, which would be difficult to prove in the NSR formalism.
Deformed Supersymmetry
We examine supersymmetry of the deformed Lagrangian. The Lagrangian L 
The deformed Lagrangian L (0)
(S,A) +· · · is not invariant under this supersymmetry. We explore deformation of supersymmetry under which the deformed Lagrangian is invariant. The deformed supersymmetry transformation δ can be expanded in the form δ = δ 0 + δ 1 + · · · , where δ n is the variation including of the n-th order power of C. The deformed supersymmetry δ n is determined recursively by solving the conditions [28, 29] 18) and so on. However, we find that there is no solution of (2.18) for generic C. In the first equation of (2.18), a part of the variation δ 0 L
(S,A) is canceled by deforming the supersymmetry transformation of Λ A as
Then, at the first order in C, we have
In order that the supersymmetry variation (2.20) vanishes, we have to require
which have only a trivial solution ξ =ξ = 0 for generic C. The variation of the second order in C also vanishes by the same condition without introducing δ 2 . For special C such that (2.21) have nontrivial solution, the theory is invariant under the deformed supersymmetry δ = δ 0 + δ 1 at the second order in C. Although we do not fully classify the unbroken supersymmetries in this paper, we illustrate the number of deformed supersymmetry in the case where only C (αβ) [12] and C (αβ) [34] are nonzero. From (2.21) the number of unbroken supersymmetry depends on the rank of C (αβ) [12] and C (αβ) [34] . We summarize the number of unbroken supersymmetries in table 1, where N = (p/2, q/2) denotes supersymmetry with p chiral and q anti-chiral supercharges.
Deformed scalar potential
In the case of non(anti)commutative N = 4 super Yang-Mills theory, fuzzy sphere configuration with the constant U(1) gauge field background is found [22, 19] . In the deformed Lagrangian (2.14)-(2.15), the scalar potential receives also corrections from the R-R background. We investigate how classical vacua configuration is deformed. [12] and C (αβ) [34] are nonzero.
The scalar potential reads
The stationary condition becomes
We explore the solution with the fuzzy sphere ansatz such as
where f abc is a constant antisymmetric tensor. If we plug (2.24) into (2.23), we obtain
Hence (2.24) is a solution of (2.23) if (2.25) is satisfied. We regard C µν a as a 6 × 6 matrix of which rows and columns are specified by µν and a respectively. One can find the rank of C where f abc is totally antisymmetric tensor. After the appropriate rescaling of ϕ a , (2.26) becomes the SU(2) algebra 1 . Therefore (2.26) gives the fuzzy S 2 solution. We note that this fuzzy sphere configuration arises without the constant U(1) gauge field strength background, which is different from non(anti)commutative case [22, 19] . 1 We assume that f abc are real.
(A,S)-type deformation 2.2.1 Lagrangian
In the (A,S)-type background, nonzero amplitudes with one graviphoton vertex operator are given by V Hϕϕ V ϕ V F and VΛVΛV F , which are evaluated as
and
After including the symmetric factor 1/2! for the second amplitude, we find that new interaction terms induced by the (A,S)-type background are
where
After integrating out the auxiliary fields, the deformed Lagrangian is written as L
Here L
(A,S) arises by integration over the auxiliary fields. In contrast to the (S,A)-type deformation, there are no other nonzero open string disk amplitudes at O(C 2 ) in the case of (A,S)-type background. Therefore the O(C 2 ) term is exact although there might exist higher order deformed terms.
Deformed supersymmetry
We study supersymmetry of the deformed Lagrangian. As in the case of (S,A)-type deformation, we expand supersymmetry transformation as δ = δ 0 + δ 1 + · · · . Then the variation of the deformed Lagrangian at the first order in C is
where we have deformed the supersymmetry transformation of Λ A as
The supersymmetry variation (2.34) vanishes if C (AB) satisfies
The variation of second order in C (AB) also vanishes by the same condition without introducing δ 2 . If the rank of C (AB) is one, we have one nonzero ξ A and no nonzerō ξ A as the solution of (2.36). Then the supersymmetry is broken to N = (1/2, 0). If the rank of C (AB) is more than one, all supersymmetries are broken.
Deformed scalar potential
In the case of (A,S)-type deformation, the potential for the adjoint scalar field is
The stationary condition is where
. The constant α is fixed by the equation
which are obtained by the substitution of (2.39) into the stationary condition (2.38). The equation (2.40) admits nonzero solutions. Therefore we can formally obtain the nontrivial fuzzy sphere solutions. However, f abc is subjected by the (imaginary) self-dual condition
For instance, if f 5,6,7 is real, f 8,9,10 is imaginary. We should consider the fuzzy sphere configuration in the complexified space of the scalar fields.
Non-abelian Chern-Simons term
In this section, we will check that the new bosonic interaction terms arising from the (S,A) and (A,S)-type backgrounds are consistent with the non-abelian Chern-Simons term in the D-brane effective action [21] . The Chern-Simons term is written as
is the R-R charge of a D3-brane. The integral is performed over the four-dimensional D3-brane worldvolume M 4 .
ν is a U(N) gauge field strength which lives in the D3-brane worldvolume and ϕ a is U(N) adjoint scalar fields. The symbol P denotes the pull-back of tendimensional fields and i ϕ is the interior product by ϕ a . STr is a symmetric trace of U(N) gauge group. In the following, we will take a static gauge in which the four-dimensional part in ten-dimensional space-time is identified with the worldvolume direction.
(S,A)-type deformation
For the (S,A)-type background, there exists the R-R 3-form and its dual 7-form field strength with the index structure
where µ, ν = 1, . . . , 4 are worldvolume directions and a, b, . . . , e = 5, . . . , 10 are sixdimensional directions transverse to the D-brane worldvolume.
First, we calculate contributions from the 3-form field strength with the 2-form potentials A µν , A µa . The Chern-Simons term is
Here | (S,A) means the restriction of the R-R indices to (S,A)-type deformation (3.2). The pull-back is given by
Here X M (M = (µ, a) = 1, . . . , 10) are ten-dimensional space-time coordinates where X a are identified with adjoint scalar fields in N = 4 vector multiplet through X a = λϕ a .
Note that the pull-back is covariantized with respect to U(N) gauge group. The potential has to be expanded by the fluctuation ϕ a such that
µa are 2-form potentials evaluated at ϕ a = 0. In the following we omit the superscript (0). After using Bianchi identity ε µνρσ D ν F ρσ = 0 and partial integrations, we find
By identifying (2πα ′ ) 1 2 F µνa = 2iC µνa , this Chern-Simons term precisely agrees with the O(C) part of the (S,A)-deformation term (2.14).
Next, we calculate contributions from the 7-form part, which take the form
where A (6) takes the form either A µabcde or A µνabcd . After evaluating STr, pull-back, and expansion in fluctuation, we find that (3.7) becomes
(3.8)
The λ 
(A,S)-type deformation
For the (A,S)-type deformation, the R-R 3-form and its dual 7-form field strength with index structure are given by
The Chern-Simons term corresponding to the R-R 2-form potential is
(3.10)
After evaluating STr and performing partial integrations, we find that this becomes 1 12kg
Those terms vanish in the zero-slope limit α ′ → 0 with fixed λ 1 2 F . On the other hand, the 7-form part is calculated by the same way as
(3.12)
Here we have definedF
This term precisely agrees with the (A,S)-type deformation term (2.32) at linear order in deformation parameter with the identification
Therefore the (A,S)-type deformation is related to the dual 7-form R-R field strength. [30] . Since the orbifold projection restricts R-symmetry group SU(4) to SU(2), the internal spin fields S A become the doublet S i (i = 1, 2) of SU(2). The massless fields on the fractional D3-branes are gauge fields A µ , Weyl fermions Λ i α and a complex scalar ϕ, whose vertex operators are obtained by the orbifold projection and are defined in [18] .
The undeformed Lagrangian is given by
We introduce the R-R vertex operator of the form
The R-R field strength can be decomposed into
which corresponds to the R-R 5-form, 3-form (7-form), 3-form (7-form) and 1-form (9-form) field strength respectively. We calculate the deformed Lagrangian in the (S,A) and (A,S)-type deformations with the scaling condition F ∼ (α ′ ) −1/2 as we did in the N = 4 case.
(S,A)-type deformation
The N = 2 (S,A)-type deformation was studied in [15] . The nonzero disk amplitudes which contain single F (αβ) [ij] , are V A VφV F and V H AA VφV F . The first amplitude is evaluated as
Combining the result of the second amplitude, we get the interaction term
After integrating out the auxiliary fields, we find
where we have definedC
. Since at order C 2 there are no other disk amplitudes which contribute to the Lagrangian, the deformed Lagrangian is exact up to higher order corrections in C.
The deformation term (4.5) can be also obtained by the reduction from N = 4 to N = 2 by the Z 2 orbifold projection, which is given by and only C (αβ) [12] and C (αβ) [34] are nonzero [15] . Under the reduction, the deformation term becomes
whereC µν andC µν are defined as
and we have used
In the case ofC µν = 0, (4.7) is reduced to (4.5). The deformation parameterC µν is referred as the graviphoton-like vertex operator in [15] .
We examine the deformed supersymmetry of the Lagrangian L
(S,A) . The deformed supersymmetry transformation is obtained from the Z 2 projection in N = 4 theory, which is given by
The deformed Lagrangian is invariant under (4.10) if ξ andξ satisfȳ [12] ,C (αβ) = −2 √ 2iC (αβ) [34] . As in the N = 4 case, we can classify the unbroken supersymmetries, which are summarized in table 2.
rank ofC 
(A,S)-type deformation
Next we consider the (A,S)-type deformation of N = 2 super Yang-Mills theory. At the first order in F , the nonzero amplitude is possible only for
The interaction term is given by
As in the case of (S,A)-type deformation, We can obtain deformed Lagrangian from the N = 4 one by the reduction. The deformation parameter C (AB) takes the block diagonal form:
, i, j = 1, 2,î,ĵ = 3, 4. (4.14)
Then the deformation terms become
We note that only the O(C 2 ) terms in (4.15) are allowed to exist at this order due to the charge conservation of vertex operators in the disk amplitudes, which are given by
Here VF is the closed string R-R vertex operator corresponding to Cîĵ.
The deformed Lagrangian is invariant under the supersymmetry transformation 
Comments on the reduction to N = 1 theory
We are able to discuss further reduction to deformed N = 1 theory from the orbifold On the other hand, the (A,S)-type deformation is still allowed in N = 1 theory. In fact the reduction from N = 4 theory leads to the interaction term 18) where C = 2C (11) [αβ] ε αβ . This result is also consistent with direct computation of string amplitudes.
We note that it is possible to deform N = 1 super Yang-Mills theory in the (S,S)-type background with the scaling condition (2πα ′ ) 1 2 F = fixed, where the scaling condition (2πα ′ ) 3 2 F = fixed leads to a non(anti)commutative deformation of superspace [17, 18, 19] . We find, however, that there are no interaction terms in the zero slope limit from calculation of disk amplitudes and Chern-Simons term. We conclude N = 1 super YangMills theory is not deformed in the (S,S)-type background at least up to leading order in deformation parameter. 
N = 4 deformation
The Lagrangian of N = 4 super Yang-Mills theory in N = 1 superspace is given by
Here Φ i , (Φ i ) (i = 1, 2, 3) are (anti-)chiral superfields, V a vector superfield, W α ,Wα its super field strengths, which are written in terms of component fields as
We have followed the notation and convention in [32] .
Firstly we consider the (S,A)-type deformation. We can show that the interaction terms (2.14) and (2.15) are regarded as the deformation of D-terms and F-terms:
Here we have used the relation
It is natural to think that this complicated expression is simplified if one uses N = 2 superspace formalism as in [16] , which will be discussed elsewhere.
Next, we study the (A,S)-type deformation. In this case we have simple interpretation of the Lagrangian in terms of deformation of gauge coupling constants and complex mass parameters, which are functions on N = 1 superspace. To see this, let us consider generic
In terms of component fields, this is written as
The deformation terms (2.32) are written as
where 
N = 2 deformation
We can also write down the deformed N = 2 Lagrangians in N = 1 superspace. The N = 2 super Yang-Mills theory in N = 1 superspace is given by 14) where Φ andΦ are chiral and anti-chiral superfields.
For the (S,A)-type deformation, the interaction terms (4.5) are written as 
Conclusions and Discussion
In this paper we studied the first and second order corrections from the constant R-R 3-form backgrounds to N = 2 and 4 super Yang-Mills theories, which are realized as the low-energy effective field theories on the (fractional) D3-branes in type IIB superstring theory. We argued the (S,A) and (A,S)-type R-R backgrounds F , which correspond to the R-R (dual) 3-form field strengths in closed superstring backgrounds. We also used the scaling condition, where (α ′ ) 1/2 F is fixed in the zero-slope limit, to calculate the disk amplitudes including a closed string R-R vertex operator.
The (S,A)-type background with this scaling condition is particularly useful to study non-perturbative effects of super Yang-Mills theory. In fact, the instanton effective action of N = 2 super Yang-Mills theory with the (S,A)-type deformation agrees with that
in Ω-background at the lowest order in the deformation parameter and gauge coupling constant [15] . The Ω-background is an important setup to applying a localization formula to the integration over the instanton moduli space [3, 16, 33, 34] . It is an interesting problem to extend this correspondence to N = 4 theory or the (A,S)-type deformation and examine how the instanton moduli space and the low energy-effective action are deformed by this background since the (S,A) and (A,S) deformed N = 4 super Yang-Mills theories can accommodate both self-dual tensor and vector backgrounds simultaneously from the viewpoint of N = 2 deformations. This is also important in order to study the nonperturbative superstring vacua in the presence of R-R backgrounds.
We examined supersymmetry of the deformed N = 4 action and find that N = 4 supersymmetry is broken for generic deformation parameter. But for special case, a part of supersymmetries are unbroken and also deformed by the R-R background, which are similar to the non(anti)commutative superspace. We argued the rank condition for deformation parameter to determine unbroken supersymmetries. Deformations of N = 2
and N = 1 super Yang-Mills theories are described by the orbifold construction, and the number of unbroken supersymmetries are determined by the rank condition for deformation parameters. It would be interesting to study how the central charge of extended supersymmetry algebra is deformed in these backgrounds.
The (S,A) and (A,S)-type deformations of action cannot be realized by the defor-mation in non(anti)commutative superspace [10] since the spinor index structure of the background is different from that of non(anti)commutative superspace. In the scaling condition (α ′ ) 1/2 F fixed, we find that the (A,S)-type deformation of N = 2 super Yang-Mills theory is realized by allowing coupling constants to take values in N = 1 superspace. For the (S,A) case, we need to introduce further interaction terms for superfields. But some interaction terms take simple form when we use N = 2 extended superspace. Therefore it would be interesting to examine this deformation as the geometry of N = 2 superspace, as discussed in the case of Ω-background deformation [33, 34] .
